To ensure the quality of service of the network, the internet applies network congestion control algorithms to adjust the rate to improve the serving capacity. Based on the working mechanisms of internet communication systems, a dynamic internet congestion control primal dual algorithm is presented. By applying the Lyapunov stability theorem, the global asymptotic stability of the dynamic algorithm with negligible communication delays is studied. Furthermore, the global asymptotic stability of the dynamic algorithm with communication delays is analysed by means of the Lyapunov-Krasovskii theorem. Finally, computer simulations show the validity of these results.
Introduction
Congestion control in communication networks such as the internet has become increasingly important today due to the explosive expansion and growth of the traffics. From the point of view of control theory, congestion control problems are complex and challenging because they deal with high-dimensional, non-linear, and dynamic equations for the mathematical modelling of the network. Based on the study of the features of the communication networks (Jacobson, 1988; Floyd and Jacobson, 1993; Feng et al., 1999; Low et al., 2002) , congestion control schemes can be divided into two classes: primal algorithms and dual algorithms. In primal algorithms, the users adapt the source rates dynamically, based on the route prices, and the links select a static law to determine the link prices directly from the arrival rates at the links. In dual algorithms (Floyd et al., 2001; Kelly et al., 1998) , on the other hand, the links adapt the link prices dynamically, based on the link rates, and the users select a static law to determine the source rates directly from the route prices and the source parameters (Athuraliya et al., 2001) .
A widely-used framework is to associate a utility function with each flow and maximise the aggregate system utility function subject to link capacity constraints -an optimisation problem known as Kelly's System Problem (Kelly et al., 1998) . They proposed a first-order primal algorithm for Transmission Control Protocol (TCP), rate control and a first-order dual algorithm for an Active Queue Management (AQM) scheme. Johari and Tan(2001) have analysed the local stability of a delayed system where the end user implements the Kelly's primal algorithm. They have considered a single link accessed by a single user, as well as its multiple user extension under the assumption of symmetric delays. In both cases, they have provided sufficient conditions for the local stability of the underlying system of equations. For a more general case of networks with
Internet adaptive primal-dual algorithm
We consider a network communication system with multiple-sources and multiple-links, where L = {1, …, L 0 } denotes the links set, and N = {1, …, N 0 } denotes the sources set. For any l ∈ L, we suppose the congestion rate of the link l as p l (the link price), the network loads of the link l as y l , the service capacity of the link l as c l , the source set using the link l as N(l) ⊆ N. For any i ∈ N, we suppose the transmission rate of the source i to be x i , the link set using the source i to be L(i) ⊆ L, and the aggregate congestion price of the source i to be q i . We denote a routing matrix R with L 0 × N 0 dimensions as
In this paper, we suppose that matrix R is of full low rank elements, i.e., we only consider the bottleneck links.
Following from the supposition, we have
where R T denotes the transpose of R,
We impose the standard conditions on each user's utility function u i (x i (t)), namely, that it is increasing, strictly concave, and continuously differentiable in x i , and further assume that utilities are additive, so that the aggregate utility for the system is ( ) ( ( ))
The so-called system problem, first introduced in this context by Kelly (1998) , is the concave programming problem:
is a column vector. The Lagrangian for the system problem is:
where p l is the Lagrange multiplier associated with link. This multiplier is the shadow price of the link, and in many algorithms it also summarises the link congestion information. The Lagrangian can be rewritten as:
.
Based on the optimum theorem, we create a new internet congestion control algorithm, which is dynamics at the source and the link. Let
In the congestion control algorithm (5 and 6), the users adapt the source rates dynamically based on the route prices, and the links adapt the link prices dynamically based on the link rates. Suppose d 1 (l, i) denoting the forward delay of the packets from the source i to the link l, d 2 (l, i) denoting the return delay of the feedback signal from the link l to the source i. There is a propagation delay on every route, denoting D i , and
The equations (1) and (2) can be rewritten as:
Supposing the equilibrium point to be ( * * , i l x p ), we can obtain easily that the systems (5) and (6) satisfies, 1 * * ( ),
is the aggregate equilibrium link price of the source i, and
is the equilibrium loadings of the link l.
Global stability without delays
In this paper, we suppose that the rate of the source and the price of the link are all non-negative. Let the Lyapunov function be
We have
Because the user's utility function u i (x i (t)) is increasing, strictly concave and continuously differentiable in x i , ( ) 0 i u t ′′ < . We have ( ) 0. V t ≤ By LaSalle's Invariance Principle, for any starting point, the trajectory of x i (t) converges to the largest invariant set contained in { ( ) 0, ( ) ( ) 0}
So the system is global asymptotically stability of the equilibrium point.
Global stability of the system with delays

The system with homogeneous delays
In this subsection, we discuss the global stability of the systems (5)- (8) 
Theorem 1: Suppose the system has homogeneous delays and utility function ( ) log ( )
Proof: Suppose the equilibrium point of the delayed systems (5)- (8) 
p t x t x x t y t y y t q t q q t
x t x t = , we obtain
where
We obtain the following equations. (15) and (17),
The time derivative of the Lyapunov function (16), 2 ,
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we have
T T T i i V t X t D u x t D i N X t D DX t D R BRX t D
we will get
Following the condition of the theorem and equation (12), we obtain, for all i ∈ N, 
The system with heterogeneous delays
In this sub-section, we discuss the system of single bottleneck links with heterogeneous delays. At this time, since L 0 = 1, the system equations become 
t x x t p t p p t y t y y t q t q q t
x t x t = , the systems (19)- (20) is changed as
We define a Lyapunov function
Calculating the derivative of the time t
V t x t d i x t d i p t p t x t d i x t d i q t d i p t y t x t d i t d i k y s x t d i t d i x t d i k
We get by computing the derivative
Using in equation (17), we have
Suppose the utility function ( ) log ( )
We obtain from the last sub-section
So, the following theorem is presented.
Theorem 2: Consider the systesm (5)- (8) 
Then the systems (5)- (8) is global asymptotically stable, if for any i ∈ N,
Proof: We define a Lyapunov function
) ,
is a negative determinate matrix, we have 
i l x p only satisfying ( ) 0 V t = , therefore, the systems (5)- (8) is global asymptotically stable. This is the proof of Theorem 2. Remark 1. We can see from the results of Theorem 1 and Theorem 2 that the stability of the system is affected by the control gain in the link node, but it is not connected with the control gain in the source, i.e., the data sending rate can be changed quickly.
Remark 2. The results in this paper present an upper value of the communication delays, so they are delay-dependent with time-unvarying delays. The conditions of Theorem 1 and Theorem 2 can be used to ensure the stability of the systems (5)-(8), but not to require the format of the delays D i , i.e., the delays can be with uncertainty or randomness.
Remark 3. If we consider only a single bottleneck link in Theorem 1, the following corollary can be obtained. So is the following corollary from the supposition of the system with homogeneous delays in Theorem 2. Suppose the delay at the source is 10; 20; 30; 40; 50(ms), respectively, and the other parameters are invariable. By calculating the condition in Theorem 2, we can know that Theorem 2 is satisfied, so the system is GAS, which can be seen in Figures 3 and 4 . Compared with the Figures 1 and 2 , the time to the equilibrium states is longer than that without delays. 
Conclusion
In this paper, based on the optimality principle of the network, a dynamic adaptive internet congestion control primal dual algorithm at the resources and the link nodes is presented. By applying the Lyapunov stability theorem, the global asymptotic stability of the dynamic algorithm with negligible communication delays is studied. Furthermore, the global stability of the network congestion control algorithm with communication delays is analysed by means of the Lyapunov-Krasovskii theory. Finally, computer simulations show the validity of these results.
